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Abstract 

We construct the Georgi-Glashow Lagrangian for gauge group SU q {n). 
Breaking this symmetry spontaneously gives (/-dependent masses of gauge 
field and vacuum manifold. It turned out that the vacuum manifold is param- 
eterized by the non-commutative quantities. We showed that the monopole 
solutions exist in this model, which is indicated by the presence of the BPS 
states. 
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I. Introduction 



The notion of the Lie group has been generalized by Drinfel'd[l], Jimbo[2], 
and Woronowicz[3]. Their generalized Lie group, i.e., noncommutative and 
non- co commutative Hopf algebra, is now known as the quantum group un- 
der an enthusiastic study by lot of mathematicians and physicists. Several 
authors have attempted to quantize or g-deform the Lorentz group [4]. 

On the other hand, the Georgi-Glashow model, which is a simple theory 
in 3+1 dimensional, has been studied by many authors such as 't Hooft- 
Polyakov[5] and Julia-Zee [6] . This model has a solitonic solution, called 
monopole, in the Higgs vacuum [5, 6]. 

The purpose of this paper is to generalize the Georgi-Glashow model for 
the case of quantum group, and to show that there exists a solitonic solution 
in general case. We shall be concerned only quantum group SU q (n) with 
the simplest example of quantum group, SU q (2), since it reduces to SU{2) 
for q — 1. We construct the Georgi-Glashow Lagrangian (also with #-term), 
and then we define the variation of Lagrangian. We find that the equation of 
motion, besides fields, depends on the quantities which are independent of the 
representation of the gauge group and a noncommutative factor. Breaking 
the gauge symmetry spontaneously gives g-dependent masses of gauge and 
vacuum manifold. Vacuum manifold is parameterized by the gauge invariant 
quantity, which is similar to Seiberg-Witten theory[10] (an excellent review 
on this subject is given by Alvarez- Gaume-Hassan [7]), and for this model, in 
which the gauge group is quantum group, the parameter of vacuum manifold 
is noncommutative. We also derive the field strength corresponding to the 
unbroken subgroup and the g-dependent BPS bound mass. 

The basis of theory presented here are the notion of the differential calcu- 
lus on SU q {2) which was developed by Woronowicz[3] and the SU q {2) Yang- 
Mills theory which was constructed by Hirayama[8]. 

This paper is organized as follows. First we review the SU q (2) theory in 
section II, this review section is taken almost verbatim from Hirayama[8]. In 
section III we present the SU q (n) Georgi-Glashow theory. The discussion of 
BPS states and the vacuum manifold of the model is presented in section IV. 
Section V is devoted for conclusion and outlook. 
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II. The SU q (2) and Yang-Mills Theory 



A. SU q (2) Transformation 

We briefly review the SU q (2) theory which was developed by Woronow- 
icz[3]. The fundamental representation of SU g (2) is given by 

where a, 7, a*, 7*are operators satisfying certain algebras [8]. 

We denote R as polynomial rings which are generated by /, a, 7, a*, and 
7* and Mm (B) as a set of iV x N matrices whose entries belong to the set 

B. Let R' be the set of the representations of R whose operators act on a 
Hilbert space H[3]. We define the product of u^and w 2 as[3] 

V 72 ® «i + «2 ® 7l «2 ® «1 - <?72 ® 7l / 

(2.2) 

which acts on H ® H and it is closely related to the coproduct defined on 
R. The *-operation is the complex conjugate for complex numbers. The 
^-product of operators R or R' is defined by 

(ai <g> a 2 © ... © a n ) (pi © fr 2 © ... © b n ) = a\bi © a 2 &2 © ... © a n b n . (2.3) 
We denote the set of w m © to m _i © ... © tfi as C m and it has inverse C" 1 . 

B. Group Theoretic Representation of w 

In this subsection we review the group-theoretic representation of SU q (2) 
which was studied by Woronowicz[3]. It turned out that the representation 
theory of SU q (2) is quite similar to that of SU (2) . The matrix W G (R)is 
said to be the representation of w if it satisfies[3] 

N 

A(W ij ) = (W®W) ij = Y,W ik ®W kj ;i,j = 1,2,.. .,N , (2.4) 

fc=i 



3 



where A is the coproduct which is defined as 

a <»KaM A i(") ) )='" ero - (2 ' 5) 

We define the set C% by 

Cm = {^m © Wm-l © - © W,} , (2.6) 

where Wi G Mn(R'), i = 1,2, ...,m are the canonical representations of 
Wi G M 2 (i?') , i — 1, 2, m , respectively. 

C. 3D Calculus of 5C/ g (2) 

The differential calculus of <S£/g (2) is discussed in Woronowicz[3], in which 
coordinates are non-commutative operators. The 3D calculus which was 
studied by Woronowicz[3], is not only left-covariant but also has simple struc- 
ture and mysteriously works well even for the higher order differential calculi. 
Here we briefly recapitulate the 3D calculus of Woronowicz. 

The linear functionals xo, Xij X2, fo, fi, /2, e on R are defined by 



Xo {w) = 
Xi (w) = 



Xo («) Xo (-97*) 
Xo (7) Xo (a*) 
1 
-q 



2 I , X2 (w) 



1 



-q 



(2.7) 



, Xk (I) = 0, 



e («;)=( I J), e(/) = l, fc = 0,l,2 . (2.9) 

The convolution product of a linear functional A on R, and a G R, is 
defined by 

A" * a = A" (aj) < G i2 (2.10) 
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where a[ and a" are given by A (a) = £V a^® a" . The differential operator d 
is defined by 

2 

da = ^(xfc*a)u;fc, a E R, (2.11) 

fc=0 

where a; fe , A; = 0,1,2, are the bases of the space of differential 1-forms. The 
higher order differential calculus can be defined to maintain the property 

d 2 = 0. (2.12) 
The Hermitian Xk (W) f of Xk (W) G M N (C) is given by 

2 

XfcW f = I>^W' ( 2 - 13 ) 

3=0 

where hi — 1, t Q2 — and t 20 = —q- 

D. Local SU q (2) 

Let ) be coordinates of the four dimensional Minkowski 

spacetime and a (x) , 7 (x) , a* (x) , 7* (x) G i? be the x-dependent represen- 
tations of a, 7, a*, 7* G R respectively, as operators acting on the Hilbert 
space H introduced in 2.1. To discuss the field theory of SU q (2), it is in- 
evitable to consider the functions of x, a (x) , 7 (x) , a* (x) , 7* (x) and their 
derivatives with respect to x M . We denote the set of functions of the form 
g[x] = 51 (x, a (x) , 7 (x) , a* (x) , 7* (x)) by R' x . The functional X x on i?' 3 " 
should be introduced so that X x (w (x)) = X (w), e.g., 



Xt (w (x)) = Xfc H , /fc (™ (x)) = /* H , e x (w (x)) = e{w), k = 0, 1, 2 , 

(2.14) 

where id (x) is defined by 

^=( 7 (x) a*(x) )' (2 ' 15) 
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and w,Xk,fk, and e are those defined hitherto. Recalling (2.11), the differ- 
ential operator d x should be defined to act on g [x] as 

2 

d x g [x] = Ys(xt*9 [x]) ujI + {d,g [x]) daf, (2.16) 

k=0 

where u x ,k = 0,1,2 are the analogue of the previous Uk and d^g [x] is 
the conventional partial derivative of g [x] with respect to the explicit in- 
dependence of g [x] . A consistent set of rules is derived from the result of 
Woronowicz[3] by supposing that and d x g [x] decompose as u x ^dx^ and 
(D^g [x] ) dx^ respectively, and assuming that {dx^,dx u } = [afe M ,u;^J = 
[dx^^a] = 0, a E R' x , /i, v = 0,1,2,3. We call the above procedure as the 
Z-procedure[8]. The Z-procedure leads us to the following definition of the 
partial derivative D^g [x] of g [x] G R' x , 

2 

D,g [x] =Y,(xl*g [x]) + d,g [x] . (2.17) 

fc=0 

E. The SU q (2) Yang-Mills Theory 

In this subsection, we briefly review the SU q (2) Yang-Mills theory con- 
structed by Hirayama[8]. We suppose that the components of the gauge field, 
Ak,(j,(x) , i — 0, 1, 2, fj, — 0, 1, 2, 3 respectively. We postulate that 

A^(x)W(x) = W(x)Mu>)Art(x), (2.18) 
Ap,i(x)A V j{x) = CjiA U j(x)A^^(x), (2-19) 

2 

fc=0 

where to2 = —q,ho = —Q 1 , and tn — 1. 
Throughout this subsection we denote 

W(x) = W m (x) © W m ^(x) © ... © W 1 (x), 
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W'(x) = W' n {x) © W'^x) © ... © W[{x). 
The vector field A k ^(x) transform as 



A™(x) = W{x){I m ^ © A,{x))W'\x) - -(D,W(x))W'\x), (2.21) 

% 9 

where 

2 

A li {x)=Y J A^ k {x) Xk {Wx), (2.22) 

the field in the gauge W(x). In (2.21), g is the gauge coupling constant, 
DfjW(x) is defined by 

m 

D ll W{x) =YW m {x) © ... © D^Wtix) © ... © W^x), (2.23) 
z=i 

and Xk(Wi) is equal to The S au S e transform (Ajf (x)) w 'of Ajf (x) 

by VF'(x) is defined by 

(Af(x)) w ' = {W\x)®I m ){I n ®A™{x)){W'-\x)®I m ) (2.24) 

1 
— ( 

W 



--{D^W'{x))W'-\x)®I m . 



Then we have 

(A^(x)) w '=A^ 9W {x). (2.25) 
We define the field strength F^(x) in the gauge W(x) by 

= [V^, Vf] , Vjf = D, + (2.26) 

then we find that 

F^(x) = W(x)(I m ^ © F lxl/ (x))W~ 1 (x), (2.27) 
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2 

) =Y, Fk^(x)xk(W 1 ). (2.28) 

k=0 

The transformation law of F]%(x) is given by 

(F%(x)) w ' = {W\x)®I m ){I n ®F™{x)){W>-\x)®I m ) (2.29) 
= F^ W (x). 

The Lagrangian density of the local SU q (2) invariant field theory should 
be independent of the choice of W(x), the dimensionality N and the integer 
to. 

We begin with defining by 

S% = trip N Xk (W)(p N ) 2 X i(W), W E Cf , k, I = 0, 1, 2, (2.30) 
where p N is given by p N = (cr^) -1 . If we define K N by 

^ = -|(^) _1 ,WeCf, (2.31) 

then the product K N S^ is independent of W. Then the gauge invariant 
Lagrangian is 

L^ G (x) = K N tr(a N T{W)F w ^T\W)r{W)F^r\W) ) , (2.32) 

where 

T (W) = (W m (x) © ... © W 2 (x) © p N I)W-\x) . (2.33) 

III. The SU q (n) Georgi-Glashow Theory 

A. Gauge Field and Scalar Field 

We introduce the gauge field and the scalar field which are fields that 
present in the Georgi-Glashow model. We consider the components of gauge 
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fields and scalar fields are Ak^{x) and (f>i(x), where i = 0,l,...,n 2 — 2, and 
/i — 0, 1, 2, 3 respectively. 

If = 0,1,. ..,n 2 — 2 are fields, then we generalize the Hirayama's 
postulate to 

*i(x)W(x) = W(x)f t (uj)y t (x), (3.1) 

^(x)^(x) = c 3i $ 3 {x)m t {x). (3.2) 
From the equation (2.22), we generalize the vector field A k ^(x) to 

^(x) =Y, A^x) Xfc(^i), (3.3) 

fc=0 

and its transformation are given by 

A™(x) = W(x)(I m ^ A,(x))W-\x) - -{DJV{x))W-\x), (3.4) 

ig 

and for the scalar field 4>(x) 

n 2 -2 

<t>{x) =J2 Mx) XkW, (3.5) 

fc=0 

(f, w (x) = W{x){I m ^ <g> ^(x))^- 1 ^). (3.6) 
The additional property of the gauge field is 

n 2 -2 
fc=0 

and for the generator is 

n 2 -2 

Xk(Wj =J2^X 3 (W l ) . (3.8) 

j=0 



9 



If we transform Ajf(x) to (A™ (x)) w ' and (j) w (x) to (<f> w (x)) w ' , then we 

get 

(A™(x)) w ' = {WXx)®I m ){I n ®A™{x)){W'-\x)®I m ) (3.9) 

--(D^W'{x))W'-\x)®I m , 
W 

{<t> w {x)) w ' = (W'(x) ® I m )(I n ® ^(a;))(^'- 1 (x) ® / m ). (3.10) 
Thus we have 

«(^)) W '=< W W, (3-11) 

{<t> w {x)) w> = cf> w '® w (x), (3.12) 

which have the same form as the equation (2.25). 

For the scalar part, the transformation law of Vjf <p w is also given by 

(V™<f> w (x)) w ' = (W'(x)^I m )(I n ^V^^ w (x))(W'-\x)^I m )(3.13) 
= (V,0(*)) w 



B. The Construction of Georgi-Glashow Lagrangian 

A similar reason from the previous section can be applied that the La- 
grangian density of the local SU q {n) invariant field theory should be inde- 
pendent of the choice of W(x), the dimensionality N and the integer m. 

We begin with defining by 

SIT = tr(p N Xk(W)(p N ) 2 X i(W), W G Cf , k, I = 0, 1, n 2 - 2 (3.14) 
where p N is given by p N = (cr^) -1 . If we define by 
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Kn = -| {S^)' 1 , W G Cf , i,j = 0, 1, n 2 - 2 (3.15) 

then the product K^S^i is independent of W. 

We now define the r-quantities of any function F w {x) by 

(F w (x)) T = t(W)F w (x)S(W), (3.16) 

where 

T (W) = (W m (x) © ... © W 2 (x) © p N I)W-\x) ) (3.17) 

and F w (x) is function F(x) and transform with respect to the gauge trans- 
formation W(x) G If we transform the r-quantities of any function 
F w (x) by the gauge transformation W\x) G C„ , then its transform to 

(F w (x)) T -> (f ww (x)) T = r(W © ^)F w ' eW (x)r t (W © W). (3.18) 
Then we construct the Georgi-Glashow Lagrangian by 

L% G (x) = K N tr{o N {-\{F™y (F W ^) T (3.19) 

+(vjrr" (v w ^ w y + a « ^ <n ) r ) 2 )) 

where 

(VjT^rt = (r(W0V^ w (x)rt(W))t (3.20) 
= t(W)(V? \x))h\W) 

As we expect, the pseudoscalar quantity is also gauge invariant, i.e., 

K N tr {a N {F^Y{F w n T ) , (3-21) 

where F w ^ v = \e^ pa F^ and £^ p,T is the Levi-Civita symbol for 3+1 di- 
mension. 
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Then according to Witten[9], we can construct Georgi-Glashow model 
with an additional 6— term 



L% G (x) = K N tr{a N {-\{F^Y{F w n T (3-22) 



where 9 is a real parameter and e is the charge unit. 



C. Equation of Motion 

Before we derive the equation of motion from Lagrangian (3.19) and 
(3.22), first we must define the variation of the Lagrangian. Given any func- 
tion of and Dfj^i, where is a field with i = 0,l,...,n 2 — 2, then variation 
of L($i, D^i) is defined by 



5L(^, D,%) =J2 + * (D^i) Q^-yj = 0, (3-23) 

where^|- and d ^jf ^ i are the usual partial derivative of ^ and D^i, re- 
spectively. From the above definition we get the equation of motion 

dL dJ*)= . (3.24) 



3*i " VS(-D„*i) 
We can write the equation (3.19) in component fields 



L GG =J2 K N S kl (-^F k ^Fr+ W)J( V ^)' + A [^^]* A ■ 

k,l=0 \ j ) 

(3.25) 

From equation (3.23), we can define the energy-momentum tensor as 
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dL 



i (i)=i 



r/^L , (i) = 1,2,.. .n, (3.26) 



where index (z) are numbers of fields and r/^ = diag(—l, 1, 1, 1) is the metric 
tensor. Then by equation (3.24), we get the equation of motion for the 
Lagrangian (3.25) 



- ^2 k n{S™ + c ki Sj[) 



= X, (3-27) 



where 



is 



jf = igY, K * s % \E,tJ J2 d ^ntim<f>i(^ p <f>)i (3.28) 

V j \ m,n 

- ^2 d Hn I (DPfycji ~ig^2 d 3pq c qi c pi ( t ) l A p ] J 4>n )) 

n \ p,q / 

If we compare with the equation of motion for the Lagrangian (3.22), that 
K N {S% + c kl SY k )[-\{5 lk D v F»o -igJ2 d kip A p ^ p (3.29) 



k,i 



Ji i 



where jf is the same as (3.28), except there is an additional #-term. If we 
want to preserve Witten's theory [9], i.e., the 9— term does not affect the 
equation of motion, then we must impose the constraint 

J2 K N (S% + c kl S%) {5 lk D v F» p -igJ2 d kip A p>v F» p ) = 0. (3.30) 
k,l v 
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We called the equation (3.30) as the Bianchi constraint. 

In the case of classical Lie group, the Bianchi identity, V^F^ U = 0, where 
= <9 M + igA^, and the Bianchi constraint, equation (3.30), coincides. 
But in the case of quantum group they are different, because the Bianchi 
identity comes from the geometry while the Bianchi constraint comes from 
the variation of Lagrangian. The relation between them is not clear until 
now. 

We see from equations (3.25) until (3.30), there are always appear quanti- 
ties K N S^ which are always independent of the choice of the representation 
of the gauge group and a noncommutative factor c^. We will see later that 
both quantities are also appear in the parameter of the vacuum manifold, 
i.e. «2, in the field strength corresponding with unbroken subgroups, and in 
the BPS bound mass. 



IV. BPS States and Vacuum Manifold of the Model 

A. Vacuum Manifold of the Model 

In this section we begin to find the vacuum configuration in this the- 
ory. We start with the energy-momentum tensor of the model which can be 
derived from Lagrangian (3.25), that is (without the 0-term) 

T, u = J2 K ^ S VA-\( 5 ip + c M( D ^ A i)F q ,, P (4.1) 
p,q,i 



Then we define a norm denoted by|| ||, i.e., || || : F nc — > R, where F nc 
is a noncommutative field and M is a real field , such that 

ll^ll > 0, (4.2) 

and it vanishes only if 

*r = 0, V M = O, V(<P) = 0. (4.3) 
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The first equation in (4.3) implies that in the vacuum, F£ v is pure gauge 
and the last two equations define the Higgs vacuum. The structure of the 
space of vacua is determined by 

v(<f>) =J2 KnS™ [<p\<p] k [4>\4>} l = 0. (4.4) 

k,l 

Therefore, the Higgs vacuum is defined by , (f\ = 0, which implies that (j) 
takes values in the Cartan subalgebra of the gauge group SU q {n). We denote 
by ?7g(l) ri_1 a subgroup of SU q (n), which is generated by elements of the 
Cartan subalgebra of the gauge group SU q (n). It is clear that U q (l) n ~~ 1 is 
the unbroken subgroup of SU q {n) which keeps the Higgs vacuum invariant. 

There the Georgi-Glashow model has a family of vacuum states. Vacuum 
manifold, which is formed by the potential (4.4), parameterized by gauge 
invariant quantities. For this model, we have the gauge invariant quantity 
parameterizing the space of vacua, that is 

u n = K N tr(a N ([4> w ]T), (4.5) 
which is similar to Seiberg-Witten theory [10]. For SU q (2) gauge group, the 
parameter u n in (4.5) is 

u 2 = K N tr(a N ([<p w Y) 2 )- ( 4 - 6 ) 
As we mention above, if we write the above equations in their components, 
then quantities K^Ski appears in the parameter of the vacuum manifold. 
Then, up to a gauge transformation , we can take <p = a\i, so the parameter 
u 2 in (4.6) becomes 

u 2 = ±(l + q 2 )a 2 = u, (4.7) 

where a G C nc and C rac is the noncommutative complex field. 

If we take values of 4> in Cartan subalgebra, i.e., (/) = a\i, then the 
Lagrangian (3.25) becomes 



j gg = ~^qK N SQ 2 



-1 r/__cW 
20 



-2q~ L K N S. 



Ai^D u D»)A» + \A^{ q -' (1 + q 2 )fa*aAZ 
Al^D v D»)A» + l -Al^ (1 + ? 2 ))Va< 



(4.8) 
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+2K N S%Al tlt (D v D")A» + ... 

where dots denote higher order terms. From the above Lagrangian we can 
read off the masses of the gauge fields as follow 

mo = q 6 (l + q 2 )\\a*a\\ 1/2 (4.9) 
mi = 

m 2 = q~ 6 (l + q 2 ) \\a*a\\ 1/2 . 

B. U q (l) n ^-Field Strength and BPS States 

1. ^(l) n l -Field Strength 

In this subsection, we derive the solution of the second equation in (4.3), 
then find the field strength corresponding to the unbroken part of the gauge 
group, i.e., C/ 3 (l) n_1 . 

Let (j)^ denote the field fa in a Higgs vacuum. It then satisfies the equa- 
tions 



[0Mt 5 0M] = o, (4.10) 
D^ + ig[A^y\ = 0. 

We find that the solution of the second equation in (4.9) is 

V p,q,i P,k / 

(4.11) 

where 

M pj =J2 d^dijkCkj^^ , (4.12) 

q,i,k 

Ki =J2 tkjdpgidijic^^, (4.13) 
q,i,j,l 
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and M" 1 is the inverse of M with det f M (-f(ci k )) l ^M^ {1) ...M^ {3) , 

where 1(a) is the minimal number of inversions in permutation a [1]. 
If we define 

h 3 M {v) ^ {v) \ D,^)) (M-^^D^, (4.14) 

p,q,i 

g0 v \<P iv)r ) ( M ~ l )nM' pk 4>i ] \ (4.15) 

p,k 

then we get 

fj,nu = — — (D^hj tU — D v hj tlJ ) + — ^ dj k ih k;/Ji hi ;l/ + —g,j(D^A u — D U A^), 
with constraints 

^2 d jk ig k A^giA u = 0, (4.16) 

k,l 

D^gj + — E d Jkihk,^gi = 0. (4.17) 

% y k,i 

The field strength F^ v corresponding to the unbroken part of SU q (n) can 
be identified as 

F, v = K N tr(a N {^y ( F wy} (4 . 18) 



k,l 



2. BPS States 

In this subsection, we derive the Bogomol'nyi bound[14] on the mass of 
dyon in terms of its electric and magnetic charge, which are sources for the 
equation (4.18). We define the electric and magnetic charge as 

q =j> E a dS a = J X7 a E a d 3 x, (4.19) 

dX X 
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g =j> B a dS a = J V a B a d 3 x, a = 1,2, 3, 



(4.20) 



dX 



X 



respectively, where X is a manifold and dX is the boundary of X. From 
equation (4.18) and the Bianchi identity, V ^F^ = 0, the electric and mag- 
netic charge can be written as 



q =J2 K N S% I [(V a 4> k ) E? + 4> k (V a E?)\ d 3 x, 
k,i 

g =J2 K N S% I (VM B?d 3 x, 

U 1 J 



(4.21) 
(4.22) 



where Ef = F? a and Bf = -\e ahc F hch a, b, c = 1, 2, 3. 
Now the dyon mass is given by 



M = 



> 



L GG d 3 x 



(4.23) 



k,l 



> 



J T 00 d 3 x > J 

V2 J t jk (V a &) f E? + c lk (V a 0,) E^j d 3 x sin 8 

[^hk^a<P j ) ] B- + c lk {V a <p l )B a ^d 3 xcose ]|| 

£ fv^c w / [(V„0 fc ) £?d 3 :r sintf + (V a fc ) 5?d 3 x cos 0] 



fc,/ 



We see that there exist U transformation such that (S w ) = S W U, where T 
denotes transpose of a matrix. Using this, the equation (4.23) can be written 



as 



M > 



^2 K N U jt S% y/2o k J {V a cf )k )Etd 3 xsm9 + J ( V a <j> k ) B?d 3 x cos 8 

k.l L 



(4.24) 

We propose that there exists e > such that the above equation becomes 



M > - 

e 



V2 (q sin 8 + g cos 6) 



(4.25) 



and it turns out that e = ||E/|| 9=1 ||c|| ?=1 because the model will reduce to the 
SU{2) case when n = 2 and q = 1(5,6,7,11,12]. 
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V. Conclusion and Outlook 

In this paper, we have constructed the SU q (n) Georgi-Glashow model 
(also with 0-term). The equation of motion, besides the fields, depends on 
quantities which are independent of the representation of the gauge 

group and a noncommutative factor Qk- In the case of classical Lie group, 
the Bianchi identity and the Bianchi constraint, equation (3.30), coincides. 
But in the case of quantum group they are different, because the Bianchi 
identity comes from the geometry while the Bianchi constraint comes from 
the variation of Lagrangian. The relation between them is not clear until now. 
We break the gauge symmetry spontaneously and this gives rise to the masses 
of gauge field which depend on q and a, where a is the vacuum parameter. 
The vacuum manifold is parameterized by the gauge invariant quantity which 
depends on a scalar field <f>. We get the field strength corresponding to the 
unbroken subgroup, C/ g (l) n_1 , and the (/-dependent BPS bound mass. 

For further work, we extend the problem to the supersymmetric case, 
especially the Seiberg-Witten theory [13]. 
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